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EMBEDDED H-PLANES IN HYPERBOLIC 3-SPACE
BARIS COSKUNUZER
ABSTRACT. We show that for any C0 Jordan curve Γ in S2∞(H
3), there
exists an embedded H-plane PH in H3 with ∂∞PH = Γ for any H ∈
(−1, 1). As a corollary, we proved that any quasi-Fuchsian hyperbolic
3-manifold M ≃ Σ × R contains an H-surface ΣH in the homotopy
class of the core surface Σ for any H ∈ (−1, 1). We also proved that
for any C1 Jordan curve in S2∞(H
3), there exists a unique minimizing
H-plane PH with ∂∞PH = Γ for a genericH ∈ (−1, 1).
1. INTRODUCTION
In this paper, we study the asymptotic H-Plateau problem in hyperbolic
3-space H3. In particular, we finish the existence question for constant
mean curvature (CMC) embedded planes inH3 forH ∈ (−1, 1). Through-
out the paper,H will represent the mean curvature with sign where the sign
represents the direction of the mean curvature vector with respect to the
fixed normal direction in H3 relative to given Jordan curve Γ in S2∞(H
3)
(See Section 2.2).
In [C1], we proved that for any Jordan curve Γ in S2∞(H
3) with at least
one smooth point, there exists an embeddedH-PlanePH inH
3 with ∂∞PH =
Γ for any H ∈ (−1, 1). In that paper, the existence of smooth point condi-
tion was crucial to employ the techniques to get the area bounds in compact
sets to get convergence. In this paper, by using the results in [C1], we will
remove the smooth point condition from the asymptotic curve Γ, and finish
the asymptoticH-Plateau problem inH3 as follows:
Theorem 1.1. Let Γ be a C0 simple closed curve in S2∞(H
3). Then, for any
H ∈ (−1, 1), there exists a properly embedded, minimizingH-plane PH in
H
3 with ∂∞PH = Γ.
Note that this result is crucial for the study of quasi-Fuchsian hyperbolic
3-manifolds. In particular, any quasi-Fuchsian hyperbolic 3-manifold M
naturally induces a limit set ΛM in S
2
∞(H
3), as H3 is the universal cover
ofM . ΛM is a π1(M)-invariant Jordan curve (quasi-circle) with no smooth
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point in S2∞(H
3) unless it is a round circle (Fuchsian case). Our construc-
tion induces canonical π1-invariant H-planes for a given Jordan curve ΛM ,
and hence, gives the following corollary.
Corollary 1.2. Let M be a quasi-Fuchsian hyperbolic 3-manifold, and let
Σ be the core surface ofM withM ≃ Σ× R. Then, for any H ∈ (−1, 1),
there exists an embedded H-surface ΣH inM in the homotopy class of Σ.
Notice that a special case for above corollary is the case when M is an
almost-Fuchsian hyperbolic 3-manifold [Uh, HW1]. Almost-Fuchsian hy-
perbolic 3-manifolds are a special subfamily of quasi-Fuchsian manifolds,
which is ”close” to the Fuchsian manifolds. Wang showed that these H-
surfaces in the corollary give a foliation ofM whenM is almost-Fuchsian
[Wa].
On the other hand, our techniques give a much stronger result for C1
Jordan curves in S2∞(H
3). In particular, for aC1 Jordan curve Γ in S2∞(H
3),
the family of H-planes {PH | H ∈ (−1, 1)} are pairwise disjoint, and this
enables us to show following generic uniqueness result by employing the
ideas in [C5].
Theorem 1.3. Let Γ be a C1 Jordan curve in S2∞(H
3). Then for a generic
H in (−1, 1), there exists a unique minimizing H-plane PH in H3 with
∂∞PH = Γ.
The organization of the paper is as follows: In the next section, we go
over the basic notions, and the related results on asymptotic H-Plateau
problem. In Section 3, we prove Theorem 1.1 and Corollary 1.2. In Section
4, we show Theorem 1.3. Finally in Section 5, we give some concluding
remarks.
1.1. Acknowledgements. I would like to thank the referee for very valu-
able remarks and suggestions.
2. PRELIMINARIES
In this section, we will go over the basic notions and the related results
on asymptoticH-Plateau problem. For further details on these notions, and
results, one can see the prequel paper [C1] or the survey [C4].
2.1. H-Plateau Problem.
Constant Mean Curvature (CMC) surfaces are natural generalization of
minimal surfaces. While minimal surfaces are critical points of the area
functional, CMC surfaces are the critical points of the area functional with
a volume constraint.
There are two versions of the area functional with a volume constraint,
which are basically equivalent. To describe the parametric version [Hi, Gu],
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we will take the unit ball B as the ambient space for simplicity. Note the
equivalence of these two versions is discussed in detail in [Gr]. Let Γ be a
simple closed curve in ∂B. Define the space of immersions
XΓ = {u : D
2 → B | u ∈ C0(D2) ∩ C2(D2) and u(∂D2) = Γ}
Define the operator FH : XΓ → R as follows:
FH(u) =
∫
D2
|ux|
2 + |uy|
2 +
4
3
H [u · (ux × uy)] dxdy
In other words, FH(u) = E(u) +
4
3
HW (u) where
E(u) =
∫
D2
|ux|
2 + |uy|
2 dxdy and W (u) =
∫
D2
[u · (ux × uy)]dxdy
The critical points of FH are conformal, H-harmonic maps. Hence, for
such a u, if Σu = u(D
2) is the image, then Σu is an immersed H-disk.
For the Riemannian 3-manifold setting, see [Gu] and [HK, Section 6]. In
particular forH3 setting, see also [Cu, Section 1.2].
There is also a nonparametric formulation of theH-Plateau problem in a
slightly different way for the extreme curves [C1]. Again, let Γ be a Jordan
curve in ∂B and let ∂B − Γ = E+ ∪ E−. Let Ω−u be the open region in
B− Σu which Σu ∪ E− separates from B, i.e. ∂Ω−u = Σu ∪ E
−.
For a given u ∈ C0(D2) ∩ C2(D2), consider the variational problem:
IH(u) = Area(Σu) + 2H.V ol(Ω
−
u )
Here, V ol(.) represents the oriented (signed) volume of the region. No-
tice that for conformal u, E(u) = 2Area(Σu), andW (u) = 3V ol(Ω
−
u )+C
by divergence theorem, where C depends of the choice of the outer surface
to define Ω−u . Hence, we get FH(u) = 2IH(u) + C which shows that these
two versions are basically equivalent for H0-extreme curves. More pre-
cisely, by [C2, Lemma 2.2], if u0 minimizes FH , then Σu0 minimizes IH .
Conversely, if u0 is conformal, and Σu0 minimizes IH , then u0 minimizes
FH . Note that even though the functionals IH and FH for H-surfaces are
equivalent in the first variation, they differ at second variations [Gr].
Definition 2.1. LetM be a 3-manifold.
• H-surface: A surface S inM is anH-surface if the mean curvature
is equal toH everywhere on S.
• Minimizing H-disk: A compact disk Du in M with ∂Du = Γ is a
minimizingH-disk inM ifFH(u) has the smallest value among the
disks inM with the boundary Γ.
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Note that whenH = 0, this corresponds to the area minimizing disks. In
this case, Meeks and Yau showed that the solution to Plateau problem for 0-
extreme curves must be embedded [MY1, MY2]. The following lemma is a
generalization of their result, showing the existence and the embeddedness
of the solutions ofH-Plateau problem forH0-extreme curves. In particular,
we will call a manifold with boundary H0-convex, if along the boundary
the mean curvature vector points inside the manifold where H ≥ H0 ev-
erywhere in ∂M . If the boundary is piecewise smooth, we will also require
to have the dihedral angles to be less than π along the nonsmooth parts of
∂M . We will call a curve H0-extreme if the curve is in the boundary of a
H0-convex manifold. Here, we will give a simple version of a result proven
in [C2].
Lemma 2.2. [C2] Let M be a compact H0-convex ball. Let Γ be a Jordan
curve in ∂M . Then, for any H ∈ [0, H0), there exists a minimizingH-disk
DH inM with ∂DH = Γ, and any such DH is embedded.
The following lemma is known as maximum principle for H-surfaces.
Lemma 2.3. [Gu] [Maximum Principle] Let Σ1 and Σ2 be two surfaces in a
Riemannian 3-manifold which intersect at a common point tangentially. Let
Hi be the (signed) mean curvature of Σi at the common point with respect
to the same normal vector N, i.e. Hi = HiN. If Σ2 lie in positive side
(the normal vectorN direction) of Σ1 nearby the common point, thenH1 is
strictly less thanH2, i.e. H1 < H2.
2.2. H-Planes inH3:
Now, we restrict ourselves to H3. Throughout the paper, we will use the
notion mean curvature with sign, and H ∈ (−1, 1). In particular, let Γ be
a simple closed curve in S2∞(H
3). Fix an orientation on Γ, and let P be a
plane in H3 with ∂∞P = Γ. Then, the orientation on Γ naturally induces
an orientation on P , and say the induced normal vector of P is N. If PH
is an H-plane in H3 with ∂∞PH = Γ, then the mean curvature vector is
H = HN where H ∈ (−1, 1) [C3, To].
In other words, Γ separates S2∞(H
3) into two open disks, say Ω+ and
Ω−. Fix the normal vector N on PH pointing towards Ω+ as in Figure 1.
Then the sign of the mean curvatureH depends on the direction of the mean
curvature vectorH, i.e. H ∈ (−1, 1) such that if H is close to +1 then PH
is ”close” to Ω−, and if H is close to −1 then PH is ”close” to Ω
+. For
example, if γ is a round circle in S2∞(H
3), then for K ∈ (0, 1) there are
two umbilical caps P+K and P
−
K in H
3 with ∂∞P
±
K = γ, where P
±
K is an
K-plane. The mean curvature vectors on P+K and P
−
K point to each other.
With the notation above, we will call P+K as PK , and we will call P
−
K as
P−K (See Figure 1).
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Ω−
Ω+
Γ
S2
∞
(H3) Ω
−
Ω+
PH2
P0
PH1
Γ
FIGURE 1. In the left, S2∞(H
3) − Γ = Ω+ ∪ Ω+. In the right, we
depictPH1 ,P0,PH2 (mean curvature with sign) forH1 < 0 < H2 when
N points upwards.
Now, by using the definitions above, we define the least area planes and
the minimizingH-planes inH3.
Definition 2.4 (MinimizingH-plane). Fix H ∈ (−1, 1). Let PH be a com-
plete surface inH3 which is topologically a disk. We call PH a minimizing
H-plane in H3, if any compact subdisk D in PH is a minimizing H-disk.
Note that the caseH = 0 is special with respect to this definition, and P0 is
known as a least area plane in the literature.
For a given complete surface S inH3, we define the asymptotic boundary
of S as follows. IfH3 = H3∪S2∞(H
3) is the natural (geodesic) compactifi-
cation ofH3, and S is the closure of S inH3, then the asymptotic boundary
∂∞S of S defined as ∂∞S = S ∩ S
2
∞(H
3).
H-shifted convex hulls CH(Γ) are natural generalizations of the convex
hulls C(Γ) inH3 [To, C3].
Definition 2.5 (H-shifted Convex Hull). Let A be a subset of S2∞(H
3). Let
XA be the space of round circles γ in S2∞(H
3) with γ ∩ A = ∅. Let Dγ
be the disk which γ bounds in S2∞(H
3) with Dγ ⊃ A. Fix H ∈ (−1, 1).
For each γ ∈ XA, let ∆Hγ be the domain in H
3 separated by the umbilical
H-plane (spherical cap) PH with ∂∞PH = γ and ∂∞∆Hγ = Dγ . Then, we
define the H-shifted convex hull as CH(A) =
⋂
γ∈XA
∆HA .
In particular, when H = 0, C0(Γ) is the usual convex hull of A in H
3
which is the smallest convex set inH3 with asymptotic boundaryA. In other
words, C0(Γ) is the intersection of all geodesic halfspaces in H
3 including
A in its asymptotic boundary (supporting halfspaces).
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Now, the generalization of the convex hull property of minimal surfaces
inH3 toH-surfaces inH3 is as follows:
Lemma 2.6. [To, C3] Let Σ be a H-surface in H3 where ∂∞Σ = Γ and
H ∈ (−1, 1). Then Σ is in theH-shifted convex hull of Γ, i.e. Σ ⊂ CH(Γ).
We finish this section with the asymptotic regularity result for complete
H-surfaces inH3 by Tonegawa.
Lemma 2.7. [To] [Asymptotic Regularity] Let Γ be a C1 Jordan curve in
S2∞(H
3). Let ΣH be a complete H-surface in H
3 with ∂∞ΣH = Γ. Then,
Σ ∪ Γ is a C1 submanifold with boundary inH3.
Note also that by using some barrier arguments, it is not hard to show
that if θH is the intersection angle at infinity between an H-surface and
the asymptotic boundary S2∞(H
3), then cos θH = H [To]. Note that the
compactification of H3 has a natural conformal structure, hence the notion
of angle at the asymptotic boundary makes sense.
3. EXISTENCE OF EMBEDDED H -PLANES IN H3
In this section, we prove the main result of the paper. In [C1], we
solved the asymptotic H-Plateau problem for Jordan curves with at least
one smooth point. In particular, we obtained the following result.
Lemma 3.1. [C1] Let Γ be a simple closed curve in S2∞(H
3) which is dif-
ferentiable at least at one point. Then, for any H ∈ (−1, 1), there exists a
properly embedded, minimizingH-plane PH inH3 with ∂∞PH = Γ.
Even though this result applies to a very general family of curves in
S2∞(H
3), the smooth point condition is disturbing, and it prevents a crucial
application to low dimensional topology, i.e. quasi-Fuchsian hyperbolic 3-
manifolds. In this section, we will remove this smooth point condition, and
finish the asymptoticH-Plateau problem inH3.
We will start with the following lemma.
Lemma 3.2. Let Γ1 and Γ2 be a pair of disjoint C
1 Jordan curves in
S2∞(H
3). Fix H ∈ (−1, 1). Let P1 and P2 be minimizing H-planes in
H
3 with ∂∞Pi = Γi. Then, P1 ∩ P2 = ∅.
Proof: The proof follows from a standard swaping argument. Let
S2∞(H
3)− Γi = Ω
+
i ∪ Ω
−
i . Without loss of generality, assume Ω
+
1 ⊂ Ω
+
2 .
Since Γi is a C
1 Jordan curve in S2∞(H
3), Pi∪Γi is C1 submanifold with
boundary in H3 by Lemma 2.7. Hence, Pi separates H3 into two regions,
sayH3 −Pi = ∆
+
i ∪∆
−
i where ∂∞∆
±
i = Ω
±
i .
Assume that P1 ∩ P2 6= ∅. Without loss of generality, assume H ≥ 0,
and the mean curvature vector along Pi points outside of ∆
−
i . Hence, by
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the maximum principle (Lemma 2.3), P1 ∩ P2 cannot be just a collection
isolated points, but P1 ∩ P2 contains a collection of simple closed curves
(may not be disjoint), say τ .
Let α be an innermost curve in τ where α bounds a disk D1 in P1 and a
disk D2 in P2. Since α is innermost, int(D1) ∩ P2 = int(D2) ∩ P1 = ∅.
Now, recall that P1 and P2 are both minimizingH-planes inH3, and hence,
the disks D1 and D2 are both minimizingH-disks with the same boundary
α, i.e. IH(D1) = IH(D2).
Now, let T be a compact subdisk of P1 with D1 ⊂ int(T ). Define T ′ =
(T − D1) ∪ D2. Clearly, T ′ is another embedded disk with ∂T ′ = ∂T .
Since IH(D1) = IH(D2), then IH(T ) = IH(T ′) by construction. As T
is minimizing H-disk, and IH(T ) = IH(T
′), then T ′ is also a minimizing
H-disk with the same boundary. However, T ′ has a folding curve along
α. Therefore, pushing T ′ to the convex side along α reduces both area and
volume, and hence IH . This contradicts to T
′ being a minimizing H-disk.
The proof follows.
Now, we prove the main result of the paper.
Theorem 3.3. [Existence of H-Planes] Let Γ be a C0 Jordan curve in
S2∞(H
3). Let H ∈ (−1, 1). Then, there exists a properly embedded mini-
mizingH-plane PH inH3 with ∂∞PH = Γ.
Proof: FixH ∈ (−1, 1). Γ is a Jordan curve in S2∞(H
3), so it separates
S2∞(H
3) into two open disks Ω+ and Ω−, i.e. S2∞(H
3)−Γ = Ω+ ∪Ω−. By
using the notation in Section 2.2, assumeH ≥ 0 (See Figure 1).
Define a sequence of pairwise disjoint C1 Jordan curves {Γn} in Ω− as
follows: Let Ωn be an open disk in Ω
− with ∂Ωn = Γn ⊂ Ω
−. We will call
Γn < Γm if Ωn ⊂ Ωm. We further assume that Γn < Γn+1 for any n > 0,
and Ω− =
⋃∞
n=1Ωn. In other words, {Γn} is a monotone sequence of C
1
Jordan curves in Ω− converging to Γ.
By Lemma 3.1, for any Γn, there exists a minimizing H-plane Pn with
∂∞Pn = Γn. Note that by Lemma 3.2, Pn ∩ Pm = ∅ for any n 6= m.
By Lemma 2.7, Pn ∪ Γn is a C1 submanifold with boundary in H3. Let
∆n be the component ofH
3−Pn with ∂∞∆n = Ωn. Then, by construction,
∆n ⊂ ∆n+1 for any n. In other words, {∆n} is a monotone sequence of
open regions in H3 with ∆1 ⊂ ∆2 ⊂ ... ⊂ ∆n ⊂ .... Note that ∆n is
topologically an open ball inH3 as Pn ∪ Γn is a closed disk inH3.
Let ∆− =
⋃∞
n=1∆n. Then, by construction,∆
− is topologically an open
ball in H3 with ∂∞∆
− = Ω−. We claim that ∂∆− = PH is an embedded,
minimizing H-plane in H3 with ∂∞PH = Γ. We first show that PH is
a smoothly embedded H-surface in H3 with ∂∞PH = Γ. Then, we will
finish the proof by showing that PH is a plane, i.e. topological type of disk.
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First, by convex hull property, Lemma 2.6, PH 6= ∅. Now, consider the
closure of ∆− in the path metric, say ∆̂−. In particular, the path metric
d̂(p, q) defined as the length of the shortest path in ∆− between p and q.
Claim 1: Under the path metric, ∆̂− is homeomorphic to B ∪D where B
is the open unit 3-ball in R3, and D is an open disk in ∂B.
Proof of the Claim 1: Let ϕ : B → ∆− be a diffeomorphism, and let g be
the pull-back metric on B. We consider the closure of B with the induced
topology. First, we show that the region corresponding to ϕ−1(Ω−) in the
sphere ∂B will not be in the closure under this metric. Let p be a point
in Ω− ⊂ S2∞(H
3), and let {pn} be a sequence in ∆− with pn → p. Let
qn = ϕ
−1(pn). Then by the path metric, the sequence {qn} in B escapes to
infinity, too. This shows that the region corresponding to ϕ−1(Ω−) in the
sphere ∂B will not be in the closure under this metric.
On the other hand, we claim that the region corresponding to ϕ−1(PH)
in the sphere ∂B will be in the closure under this metric. Similarly, let p
be a point in PH , and let {pn} be a sequence in ∆− with pn → p. Then,
the preimage sequence {qn} will be a Cauchy sequence in B, and so the
limit point will be in the closure. In other words, for any point q ∈ ∂B,
and qn → q, if the sequence {pn} with pn = ϕ(qn) converges to a point
in compact part of H3 (e.g p ∈ PH ) then q ∈ ∂B will be in the closure.
Otherwise, if {pn} escapes to infinity in H3, then so is {qn} in B, and
q ∈ ∂B will not be in the closure. Hence, the open diskD in ∂B is exactly
the disk ∂B − ϕ−1(Ω− ∪ Γ).
Now, in order to show that ∆̂− homeomorphic to B ∪ D, we only need
to show that there is no identification in the D under this closure. This is
straightforward because of the path metric again. In particular, if p and q
are different points in D, then the sequences converging to these points are
away from each other in ∆− with the path metric, even though they might
be close in the ambient space H3. With this correspondence, the open ball
B is homeomorphic to∆−, and the open diskD in ∂B is homeomorphic to
P̂H where ∆̂− = ∆− ∪ P̂H . Claim 1 follows.
Hence, P̂H is an embedded open disk, which is corresponding to PH
without possible identifications (self-intersections). In particular, let π :
P̂H → PH be the natural projection map induced by the path metric on∆−.
Then, π(p) = π(q) for p 6= q means that there exist sequences {pn} and
{qn} in∆− with pn → p and qn → q where d̂(pn, qm) > ǫ0 for anym,n. In
other words, π(p) = π(q) is equivalent to say that in the ambient spaceH3,
{pn} and {qn} converges to the same point, while they are away from each
other in ∆−.
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Claim 2: P̂H is an H-surface.
Proof of the Claim 2: Let q be a point in P̂H . Let Bǫ(q) be an ǫ-ball around
q in ∆̂− for sufficiently small ǫ > 0 such that U = Bǫ(q) is topologically
a closed ball. Since ∆− is exhausted by ∆n, for sufficiently large n, U ∩
∆n 6= ∅. Let Un be the component of U ∩ ∆n such that Un ⊂ Un+1 and
U =
⋃∞
n=1 Un. Notice that En = Un ∩ Pn ⊂ Pn ∩ Bǫ(q) is a planar
H-surface. Since Pn is a minimizing H-plane, and Bǫ(q) is a H ′-convex
ball for H ′ >> 1, simple area and volume comparison shows that En must
be a disk. This is because if this is not the case, we can swap the disk in
the boundary of Bǫ(q) and the disk in Pn which is not in Bǫ(q) with the
same boundary, and we can reduce the functional IH . Hence, we obtain a
sequence of H-disks {En} with En ⊂ Pn.
Notice that by construction, q is also a limit point of {En} as q ∈ ∂U and
U =
⋃∞
n=1 Un. Since {En} is a sequence of minimizing H-disks, we have
a conformal H-harmonic parametrization un : D
2 → H3 with un(D2) =
En for any n. By composing with a conformal automorphism of the disk,
we can also assume un(0) = qn → q. As un conformal, the E(un) =
2.Area(En). Then as {En} are minimizing H-disks, there is a uniform
bound K such that E(un) < K where E(.) is the energy. This is because
as we can bound the areas of embedded H-disks {En} in Bǫ(q) by the
area of ∂Bǫ(q), this gives a uniform upper bound K for E(un). Then, by
using Courant-Lebesque lemma, the equicontinuity of the family {un} on
the compact subsets of int(D2) follows, see e.g. [HS, Lemma 3.3]. Hence,
by Arzela-Ascoli theorem, there is a continuous function u : int(D2) →
H
3 where un → u pointwise on int(D2). Furthermore, by using the fact
that {un} are conformal H-harmonic maps, again the arguments in [HS]
show that {un} are bounded in the C2,α norm, and {un} has a subsequence
converging u smoothly on int(D). This shows that the diskE = P̂H∩Bǫ(q)
is a minimizing H-disk as the limit of minimizing H-disks {En}. This
proves that P̂H is indeed a smoothH-plane. Claim 2 follows.
Claim 3: π : P̂H → PH is a homeomorphism, and hence PH is embedded
plane inH3.
Proof of the Claim 3: Assume that there exist q1 6= q2 in P̂H and π(q1) =
π(q2) = q. Let Ê1 and Ê2 be small disks in P̂H with qi ⊂ Êi. Let π(Êi) =
Ei ⊂ PH . Notice that E1 and E2 are both minimizingH-disks, and one of
them lies in one side of the other one as both lie in ∂∆−. This contradicts
to the maximum principle (Lemma 2.3) as E1 ∩ E2 ⊃ {q} and one of them
lies in one side of the other one. Indeed, as mean curvature vector points
outside ∆− along PH , the mean curvature vectors along E1 and E2 face
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each other. Note also that for H > 0, E1 and E2 cannot intersect at an
isolated point from concave sides, as the original sequence of embedded
planes {Pn} converges to PH from the concave side of PH ({∆n} is a
nested sequence). This proves that π : P̂H → PH is injective. Hence,
by construction, π is a homeomorphism, and PH is an embedded H-plane.
Claim 3 follows.
Claim 4: PH is properly embedded inH3.
Proof of the Claim 4: Let PH be the closure of PH in H3. If we can
show that PH = PH , then this proves that PH is properly embedded in
H
3. Let q be a point in PH . Since PH is the limit of {Pn} by construction,
then q is in the limit of {Pn}, too. In particular, let {qm} be a sequence
in PH with qm → q. Then by construction, for each m > 0, there exists a
sequence {qmn }with q
m
n → q
m where qmn ∈ Pn. By using diagonal sequence
argument, we can conclude that q is a limit point for {Pn} and hence q
is indeed in PH . This proves that PH = PH , and hence PH is properly
embedded inH3. Claim 4 follows.
Now, considerH3, the compactification ofH3 as a closed ball. Consider
the closure of ∆− in H3, say ∆−. Then, by above, we have ∂∆− = PH ∪
Γ ∪ Ω−. This shows that ∂∞PH = Γ. The proof follows.
Remark 3.4 (Asymptotic Plateau Problem inH3). Note that for H = 0, the
above theorem shows the existence of a least area plane for a given C0 Jor-
dan curve in S2∞(H
3) [Ga]. As pointed out in [C1, Remark 3.1], there was
a subtle problem in the corresponding result in [A2]. With this result, we
proved that for a given C0 Jordan curve in S2∞(H
3), there exist a least area
plane P in H3 with ∂∞P = Γ. The main difference between our approach
and [A2] is to use C1 curves {Γn} in S2∞(H
3), which bounds properly em-
bedded least area planes Pn. Then, by using the naturally defined regions
∆n, we converted the problem to codimension-0 problem, which bypasses
the issues in the approach of [A2].
3.1. Quasi-Fuchsian Manifolds.
In this section, we will prove the existence ofH-surfaces in quasi-Fuchsian
hyperbolic 3-manifolds.
Let Σ be a closed, orientable surface of genus ≥ 2. Let M = Σ × R
be the product 3-manifold. Let g be a complete hyperbolic metric on M .
Then, the universal cover of (M, g) is isometric to H3. Let π : H3 → M
be the covering projection. Fix a point x0 in M . Let A = π
−1(x0) be
the set of preimages of x0 in H
3. Let A be the closure of A in H3. Then
Λg = A ∩ S
2
∞(H
3) is called the limit set of (M, g). If Λg is a round circle
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in S2∞(H
3), we call (M, g) a Fuchsian manifold. If Λg is a Jordan curve in
S2∞(H
3), we call (M, g) a quasi-Fuchsian manifold.
The distinction of the family of quasi-Fuchsian manifolds in the space
of complete hyperbolic structures onM is coming from Λg being a Jordan
curve. Λg defines a convex hull CH(Γ) inH
3, and it is π1(M)-invariant. It
induces a convex core CM in M , which simplifies the hyperbolic structure
at the ends ofM . In particular, the endsM − CM have a very simple struc-
ture as they are foliated by the equidistant surfaces from ∂CM . By Bers’
celebrated theorem, hyperbolic structure on a quasi-Fuchsian manifold M
can be uniquely defined by the induced conformal structures at the ends of
the manifold, i.e. Ω±/π1(M) where S
2
∞(H
3)− Γ = Ω+ ∪ Ω− [Be].
Notice that the limit set Λ in S2∞(H
3) is π1-invariant under the cover-
ing transformations. Because of this, the distinction between Fuchsian, and
quasi-Fuchsian manifolds are very clear. By group invariance, if Λg con-
tains one smooth point, then it must be a round circle, and (M, g) would
be the Fuchsian manifold. Otherwise, Λg contains no smooth point, and
(M, g) is a quasi-Fuchsian manifold. In this case, Λg is a nowhere smooth,
C0 Jordan curve in S2∞(H
3), and it is called a quasi-circle.
We should also note that there is another special subfamily of quasi-
Fuchsian manifolds called almost-FuchsianManifolds. These are the quasi-
Fuchsian manifolds which contain a minimal surface S such that the prin-
ciple curvatures of S are between−1 and +1 everywhere. These manifolds
are called almost-Fuchsian because their hyperbolic structure is very similar
to a Fuchsian manifolds. In particular, the equidistant surfaces {St} foliate
M where St is the surface with distance t ∈ R from S [Uh]. Furthermore,
M has a unique CMC foliation {SH} where H ∈ (−1, 1). [Wa].
In the following, we will show that the minimizing H-planes PH con-
structed in Theorem 3.3 are canonical, and π1-invariant. Hence, we will get
an H-surface ΣH in M by projecting PH in M for H ∈ (−1, 1). In par-
ticular, ΣH will be an H-surface in the homotopy class of the core surface
Σ.
Corollary 3.5. [Existence of H-surfaces in QF-manifolds] Let M be a
quasi-Fuchsian hyperbolic 3-manifold, and let Σ be the core surface of M
with M ≃ Σ × R. Then, for any H ∈ (−1, 1), there exists an embedded
H-surface ΣH inM in the homotopy class of Σ.
Proof: Fix H ∈ (−1, 1). Let Λ be the limit set of M . Since Λ is
a C0 Jordan curve in S2∞(H
3), by Theorem 3.3, there exists a minimizing
H-plane PH in H3 with ∂∞PH = Λ. We claim that PH is canonical, and
π1-invariant because of its construction.
Let S2∞(H
3) − Λ = Ω+ ∪ Ω−. Recall from the proof of Theorem 3.3,
{Γn} is a sequence of C
1 Jordan curves in Ω− with Γn → Λ, and Pn is a
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minimizing H-plane in H3 with ∂∞Pn = Γn for any n > 0. Informally,
PH is the limit of the sequence {Pn}.
Let β ∈ π1(M) and ψβ be the corresponding covering transformation.
Then, ψβ is an isometry ofH
3 such that ψβ(Λ) = Λ and ψβ(Ω
±) = Ω±. We
claim that ψβ(PH) = PH . Assume otherwise. Let ψβ(PH) = P ′H . As ψβ
is an isometry, P ′H is also a minimizingH-plane inH
3. Since ψβ(Λ) = Λ,
then ∂∞P ′H = Λ, too.
Let ∆− be as in the proof of Theorem 3.3, i.e. H3 − PH = ∆− ∪ ∆+.
Let ψβ(Γm) = Γ
′
m, ψβ(Pm) = P
′
m, and ψβ(∆m) = ∆
′
m. First assume that
P ′H ∩ ∆
− 6= ∅. This implies that Pno ∩ P
′
H 6= ∅ for sufficiently large no
as ∆− is exhausted by {∆n}. On the other hand, for sufficiently large m0,
Γno < Γ
′
mo
as ψβ(Ω
−) = Ω−, and hence Γ′m → Λ. Since Γno < Γ
′
mo
,
by Lemma 3.2 Pno < P
′
mo
. However, P ′mo < P
′
H by construction. This
implies Pno < P
′
mo
< P ′H which contradicts to Pno ∩ P
′
H 6= ∅.
Now, we assume P ′H ∩ ∆
− = ∅. This implies PH ∩ P
′
H = ∅ because
of the maximum principle, Lemma 2.3. This means PH < P ′H , i.e. ∆
− ⊂
ψβ(∆
−). Since ψβ(∆
−) =
⋃∞
m=1∆
′
m and Γ
′
m < Γ, PH ∩ P
′
mo
6= ∅ for
sufficiently large m0. Again, as ψβ(Ω
−) = Ω−, and Γn → Λ, there exists
a sufficiently large n0 such that Γ
′
mo
< Γno . This means P
′
mo
< Pno by
Lemma 3.2. Hence, we get P ′mo < Pno < PH which contradicts to PH ∩
P ′m 6= ∅.
This shows that for any β ∈ π1(M), ψβ(PH) = PH , and hence π1-
equivariance of PH . Then, if π : H3 → M is the covering projection, we
get π(PH) = ΣH an embedded H-surface in M in the homotopy class of
Σ. The proof follows.
Remark 3.6. [Pair of H-surfaces] Note that the corollary above gives an
H-surface ΣH for any H ∈ (−1, 1), i.e. mean curvature with sign. If
we forget the sign of the mean curvature, for any K ∈ (0, 1), the surfaces
{ΣK ,Σ−K} would be a pair of constant mean curvature surfaces inM with
mean curvatureK.
On the other hand, even in mean curvature with sign case, we might get
a pair of H-surfaces for some H ∈ (−1, 1) as follows: Notice that in the
proof of Corollary 3.5, we could have chosen the sequence of C1 Jordan
curves {Γn} converging to Γ in Ω+ instead of Ω−. Then the similar ideas
would give us another canonical, π1-invariant minimizing H-plane P
+
H . If
we call the minimizing H-plane in the proof above P−H , then we end up
with two cases. If P+H = P
−
H , then it is not hard to show that Γ bounds a
unique minimizingH-plane inH3 (See [C3] and the proof of Theorem 4.2
in this paper). If P+H 6= P
−
H , we would have a pair of H-surfaces Σ
+
H and
Σ−H inM as the covering projection of the planes, i.e. π(P
±
H) = Σ
±
H where
H ∈ (−1, 1).
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Remark 3.7. [Almost-Fuchsian Manifolds and Uniqueness] By using the
previous remark, we can conclude another interesting property of almost-
Fuchsianmanifolds. Asmentioned in the introduction of this section, almost-
Fuchsian manifolds have an induced CMC foliation [Wa]. Here, each SH
is an H-surface for H ∈ (−1, 1). By the maximum principle, this implies
M contains a unique H-surface for any H ∈ (−1, 1). Hence, by previ-
ous remark, if M is almost-Fuchsian, then its limit set Λ bounds a unique
minimizingH-plane inH3 for anyH ∈ (−1, 1).
4. GENERIC UNIQUENESS FOR C1 ASYMPTOTIC CURVES
In this section, we will show that if the Jordan curve Γ is C1, we have a
generic uniqueness result for asymptoticH-Plateau problem. In particular,
we will show that for a genericH ∈ (−1, 1), Γ bounds a unique minimizing
H-plane in H3. First, we will prove the following lemma by using similar
ideas in [C6, Lemma 4.1].
Lemma 4.1. Let Γ be a C1 Jordan curve in S2∞(H
3). Let PH1 and PH2
be minimizing Hi-planes with ∂∞PHi = Γ where −1 < H1 < H2 < +1.
Then, PH1 ∩ PH2 = ∅.
Proof: We divide the proof into two steps. First, we show that PH1 and
PH2 are disjoint near infinity. Then, we will show that they are disjoint in
the compact part, too.
Step 1: There exists a sufficiently large ball BR0(p) ⊂ H
3 such that PH1 −
BR0(p) and PH1 −BR0(p) are disjoint surfaces with the topological type of
annulus.
Proof of Step 1: Notice that by Lemma 2.7, as Γ is a C1 Jordan curve in
S2∞(H
3), then Γ∪PH is a C
1 submanifold with boundary inH3 where PH
is the minimizing H-plane in H3 with ∂∞PH = Γ. Furthermore, again by
[To], if θH is the intersection angle at infinity between PH and the asymp-
totic boundary S2∞(H
3), then cos θH = H .
Now, let p ∈ H3 be a point, and R0 > 0 be sufficiently large that
∂BR0(p) ∩ CHi(Γ) ⊂ {z < ρ} where CH(Γ) is the H-shifted convex hull.
For short, we write BR0 for BR0(p). Let Ti = PHi ∩ BR0 and γi = ∂Ti.
Then by the previous paragraph, γ1 and γ2 are disjoint simple closed curves
in ∂BR0 (See Figure 2). Again by [To], we can choose R0 > 0 sufficiently
large so that PHi − BR0 is a graph over Γ × (0, ρ) for some ρ > 0. Step 1
follows.
Let ∆i be the open region which Ti separates in BR0 where the mean
curvature vector on Ti points outside of ∆i. Without loss of generality, we
assume 0 ≤ H1 < H2 < 1. If both negative, just change the direction (See
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section 2.2). If different signs, same argument works as the least area plane
P0 would be a barrier between them.
Now, we claim that T1 ∩ T2 = ∅. Notice that this will finish the proof as
we already know PH1 r T1 is disjoint from PH2 r T2 by the first part.
Step 2: T1 ∩ T2 = ∅
Proof of Step 2: Notice that by maximum principle, T1∩T2 cannot be just a
collection of isolated points. This implies T1∩T2 contains a union of closed
curves (maynot be disjoint) .
Consider T1∩∆2. As T1 is topological type of a disk, T1∩∆2 is union of
planar regions where some of them might be degenerate. In T1, let σ be an
innermost component of T1∩∆2. In particular, σ does not enclose any other
component of T1 ∩ ∆2. For example, in Figure 2-left, the shaded regions
represent T1 ∩∆2. Here, while σ is an innermost component in T1 ∩∆2, σ′
is not. Let α be the outer boundary of σ. Then, α corresponds to a simple
closed curve in T1∩T2. Then α bounds a diskDi in Ti where σ ⊂ D1. LetQ
be the open region bounded byD1∪D2 which may not be connected. Notice
that here D1 ∪ D2 may not be an embedded sphere, as int(D1) ∩ int(D2)
may not be empty. We fix the orientation on Di induced by Ti, where the
mean curvature vectorHi points outside∆i. Then, D2 −D1 is a piecewise
smooth sphere with possible self-intersections, whose underlying space is
D1 ∪ D2. Let the orientation on Q be such that ∂Q = D2 − D1. Here +
and− signs represents the corresponding orientations, not the set difference
”r”.
σ′
α
σ
T1
γ1
S2∞(H
3)
BR0
T1
T2Q
∆2
∆1 D2
D1
γ1
Γ
γ2
FIGURE 2. In the left, σ is an innermost component, and α bounds
the disk D1 ⊃ σ. In the right, for 0 ≤ H1 < H2 < 1, T1 is above T2
near the boundary of the ball BR0 . Swaping D1 and D2 gives a contra-
diction.
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Let T ′2 = (T2 − D2) + D1 which is another disk with ∂T
′
2 = γ2 in
BR0 . Recall that the signs ± represents the orientation. In particular, the
underlying set for T ′2 is (T2 r D2) ∪ D1 obtained by swaping D2 and D1.
Let T ′1 = (T1 − D1) + D2 which is another disk in BR0 with ∂T
′
1 = γ1.
Then, define ∆′i be the corresponding region separated by T
′
i in BR0 .
In particular, ∆′1 = ∆1 + Q, while ∆
′
2 = ∆2 − Q. Notice that ∂∆
′
1 =
S1 + T
′
1 and ∂∆1 = S1 + T1 where S1 is the subsurface in the sphere ∂BR0
separated by γ1. Then ∂(∆1+Q) = ∂∆1+∂Q = (S1+T1)+(D2−D1) =
S1 + [(T1 −D1) +D2] = S1 + T ′1 = ∂∆
′
1.
Similarly, ∂(∆2 − Q) = ∂∆2 − ∂Q = (S2 + T2) − (D2 − D1) = S2 +
[(T2 − D2) + D1] = S2 + T ′2 = ∂∆
′
2. Hence, ‖∆
′
1‖ = ‖∆1‖ + ‖Q‖
and ‖∆2‖ = ‖∆
′
2‖ + ‖Q‖ where ‖.‖ represents oriented (signed) volume
(Section 2.1).
Since PHi is a minimizing Hi-plane, then Ti is a minimizing Hi-disk.
Then IHi(Ti) = |Ti| + 2Hi‖∆i‖ is minimizer for the functional IHi as
defined in the beginning of Section 2.1.
We will get a contradiction by using the fact that IHi(Ti) ≤ IHi(T
′
i ).
Since T1 is a minimizingH1-disk, IH1(T1) ≤ IH1(T
′
1), i.e.
|T1|+ 2H1‖∆1‖ ≤ |T
′
1|+ 2H1‖∆
′
1‖
This implies
(|D1|+ |T1 rD1|) + 2H1‖∆1‖ ≤ (|D2|+ |T1 rD1|) + 2H1‖∆
′
1‖
After cancellations, we get
(1) |D1| ≤ |D2|+ 2H1‖Q‖ < |D2|+ 2H2‖Q‖
Now, since T2 is a minimizingH2-disk, IH2(T2) ≤ IH2(T
′
2), i.e.
|T2|+ 2H2‖∆2‖ ≤ |T
′
2|+ 2H2‖∆
′
2‖
This implies
(|D2|+ |T2 rD2|) + 2H2‖∆2‖ ≤ (|D1|+ |T2 rD2|) + 2H2‖∆
′
2‖
. After cancellations, we get |D2| + 2H2‖Q‖ ≤ |D1|. This contradicts to
the strict inequality (1) above. Hence, Step 2, and the proof of the lemma
follows.
Now, by using the lemma above, we will show that a C1 Jordan curve in
S2∞(H
3) bounds a unique minimizingH-plane for a generic H ∈ (−1, 1).
Theorem 4.2. Let Γ be a C1 Jordan curve in S2∞(H
3). Then for all but
countably manyH in (−1, 1), there exists a uniqueH-plane PH inH3 with
∂∞PH = Γ.
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Proof: Fix H ∈ (−1, 1). Then, by Theorem 3.3, there exists a mini-
mizingH-plane PH inH3 with ∂∞PH = Γ. Recall the construction of PH .
Let S2∞(H
3)− Γ = Ω+ ∪ Ω−. We started the construction with a sequence
of Jordan curves {Γ−n } in Ω
− such that Γ−n → Γ. These curves bound min-
imizing H-planes P−n , and in the limit, we obtain P
−
n → P
−
H . Similarly,
start with a sequence of Jordan curves {Γ+n } in Ω
+ with Γ+n → Γ. Let P
+
n
be the minimizing H-plane with ∂∞P+n = Γ
+
n . Then, similarly we obtain
P+n → P
+
H where P
+
H is a minimizingH-plane inH
3 with ∂∞P
+
H = Γ.
Claim 1: If P+H = P
−
H , then Γ bounds a unique minimizingH-plane inH
3.
Assume there exists another minimizingH-planeΣH inH
3 with ∂∞ΣH =
Γ. Let PH = P
±
H . Let H
3 − PH = ∆+ ∪ ∆−. Then ΣH ∩ ∆+ 6= ∅ or
ΣH ∩∆
− 6= ∅. Say ΣH ∩∆
+ 6= ∅. Then, as P+n → PH , ΣH ∩ P
+
n 6= ∅ for
sufficiently large n. However, since Γ+n ∩ Γ = ∅, by Lemma 3.2, we have
P+n ∩ ΣH = ∅ as both are minimizingH-planes (See Figure 3-left). This is
a contradiction. Claim 1 follows. 
Claim 2: If P+H 6= P
−
H , then P
+
H ∩ P
−
H = ∅.
The proof is very similar to Claim 1. Assume P+H ∩ P
−
H 6= ∅. Let H
3 −
P+H = ∆
+
+ ∪∆
−
+. If P
+
H ∩ P
−
H 6= ∅, then P
−
H ∩∆
+
+ 6= ∅. This is because if
P−H∩∆
+
+ = ∅ and this would implyP
−
H and P
+
H have tangential intersection
with one of them lying in one side of the other one where mean curvature
vectors point in the same direction. This contradicts to maximum principle,
i.e. Lemma 2.3. Hence, P−H ∩∆
+
+ 6= ∅.
S2
∞
(H3)
P
+
n
NH
P
−
n
Γ
Γ+n
Γ−n
S2
∞
(H3)
α
Γ
NH4
PH3
NH2
NH1
q+
q−
FIGURE 3. In the left, for fixed H ∈ (−1, 1), P±
n
→ P±
H
, and
defines a canonical region NH with ∂NH = P
+
H
∪ P−
H
. In the right,
NHi is depicted for 4 different values ofHi ∈ (−1, 1)withHi < Hi+1.
Note that forH = H3, NH3 = PH3 is degenerate.
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Now, consider P+n → P
+
H . As P
−
H ∩ ∆
+
+ 6= ∅, then P
−
H ∩ P
+
n 6= ∅ for
sufficiently large n. However, since Γ+n ∩ Γ = ∅, by Lemma 3.2, we have
P+n ∩ P
−
H = ∅ as both are minimizing H-planes. This is a contradiction.
Claim 2 follows. 
Now, we define a canonical neighborhood NH = [P
−
H ,P
+
H ] as follows.
If P−H 6= P
+
H , then P
+
H ∩ P
−
H = ∅ by Claim 2. Then, let NH be the closed
region between P−H , and P
+
H such that ∂NH = P
+
H ∪ P
−
H and ∂∞NH = Γ.
If P+H = P
−
H , then define NH = P
+
H . In this case, we call NH a degener-
ate neighborhood (See Figure 3-right).
Claim 3: If H1 6= H2, then NH1 ∩ NH2 = ∅.
Assume H1 < H2. Then, by Lemma 4.1, P
±
H1
∩ P±H2 = ∅ as P
±
Hi
is a
minimizingHi-plane. Then, by definition of NHi , if NH1 ∩ NH2 6= ∅, then
P+H1 ∩ P
−
H2
6= ∅. This is a contradiction. Claim 3 follows. 
Now, we define the thickness of the neighborhoodNH . Let q± be a point
in Ω± ⊂ S2∞(H
3). Let α be a geodesic in H3 with ∂∞α = {q+, q−}.
Notice that q+ and q− are in the opposite sides of Γ in S2∞(H
3) (See Figure
3-right). As {P±H} are properly embedded, we cans slightly modify α to
make it transverse to {P±H} if necessary. Let αH = α ∩ NH . Hence, we
have α =
⋃
H∈(−1,1) αH . Let sH = |αH |, the length of αH . We will call sH
the thickness of NH . Note that this thickness definition depends heavily on
the choice of the transverse curve α.
Notice that if sH = 0, then Γ bounds a unique minimizing H-plane.
Conversely, if Γ bounds a unique minimizing H-plane, then sH = 0 as
NH = P
±
H and αH is a point.
For −1 < H1 < H2 < 1, let α[H1,H2] =
H2⋃
H=H1
αH . In particular, α[H1,H2]
is a finite segment of α between NH1 and NH2 . In particular, α[H1,H2] is
the segment of α between the points p+, p− ∈ α where p+ ∈ α ∩ P+H2 and
p− ∈ α ∩ P−H1 . Notice that as NH ∩NH′ = ∅ for H 6= H
′ by Claim 3, then
αH ∩ αH′ = ∅. Then, the length |α[H1,H2]| =
H2∑
H=H1
sH , the sum of sH for
H ∈ [H1, H2]. Since the sum
H2∑
H=H1
sH is finite, this implies sH = 0 for all
but countably many H ∈ [H1, H2]. This means for all but countably many
H ∈ [H1, H2], Γ bounds a unique minimizingH-plane.
Let {tn | n ∈ Z} be a monotone sequence (tn < tn+1) such that tn ր +1
as n → ∞ and tn ց −1 as n → −∞. Hence, (−1, 1) =
⋃∞
−∞
[tn, tn+1].
If we repeat the same argument, for α[tn,tn+1], we see that for all but count-
ably many H ∈ [tn, tn+1], Γ bounds a unique minimizing H-plane. Since
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countable union of countable sets are countable, for all but countably many
H ∈ (−1, 1), Γ bounds a unique minimizing H-plane in H3. The proof
follows.
Remark 4.3 (Non-minimizing H-planes). Note that this result is about the
generic uniqueness of minimizing H-planes. As minimizing property of
{P±H} is crucial to prove disjointness ofNH for differentH , this result does
not imply the uniqueness of ”non-minimizing”H-planes for a genericH in
(−1, 1).
5. FINAL REMARKS
5.1. Asymptotic H-Plateau Problem for C0 curves in S2∞(H
3).
As mentioned in the introduction, in [C1], we have already proved the
existence of embedded H-planes for a given Jordan curve Γ in S2∞(H
3)
when Γ has at least one smooth point. Even though this family of Jordan
curves in S2∞(H
3) is quite large, there is a very crucial family of Jordan
curves, which is left outside: The limit sets of quasi-Fuchsian manifolds.
As described in the section 3.1, this is an important family of hyperbolic
3-manifolds, and they induce a natural Jordan curve Λ in S2∞(H
3) which
is nowhere smooth. Hence, our results in this paper are critical to have
applications to quasi-Fuchsian manifolds.
On the other hand, this result finally finishes off the asymptoticH-Plateau
problem. When doing this, the most important case H = 0 has also been
resolved. As mentioned in [C1, Remark 3.1], there was a subtle issue in
the proof of existence of least area planes in H3 for a given Jordan curve
Γ in S2∞(H
3) [A2]. With our result, this problem has been taken care of,
and the asympotic Plateau problem for least area planes was proven, too.
Furthermore, for H = 0 case, Corollary 3.5 gives an alternative proof for
the existence of least area surfaces in quasi-Fuchsian 3-manifolds.
5.2. Generalization of Generic Uniqueness Result to C0 curves.
In Section 4, we showed that for a given C1 Jordan curve Γ in S2∞(H
3),
there exists a unique minimizingH-plane inH3 for a generic H ∈ (−1, 1).
The natural question is that ”Can we relax C1 condition on Γ? In other
words, what if we take a C0 Jordan curve Γ in S2∞(H
3)? Can we still get
uniqueness for minimizingH-planes bounding Γ for generic H?
The reason we need the C1 condition for our generic uniqueness result is
that it is essential for the proof of Lemma 4.1. In particular, for a C1 Jordan
curve, we have asymptotic regularity by [To], which also implies that any
PH1 and PH2 are disjoint near S
2
∞(H
3). This is very crucial as ∂∞PHi = Γ
and they might intersect in an infinite line. Hence, [To] enables us to reduce
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the problem to the compact case, as it shows the disjointness near infin-
ity. Hence, in the compact part, a straightforward swaping argument gives
us Lemma 4.1. However, it is still very interesting question whether this
generic uniqueness result can be generalized to C0 Jordan curves or not?
Note that the examples of quasi-Fuchsian manifolds constructed by Huang
and Wang [HW2] containing arbitrarily many minimal surfaces could be an
interesting case to study for this question.
Note also the recent uniqueness results on certain quasi-Fuchsian mani-
folds by Sanders [Sa] and Seppi [Se]. In particular, let M ≃ Σ × R be a
quasi-Fuchsian manifold, and Λ be its limit set in S2∞(H
3). Sanders showed
that if the limit set Λ has small Hausdorff dimension (< 1 + δ), then Λ
bounds a unique minimal surface in H3. Similarly, Seppi proved that if
the quasicircle Λ is sufficiently close to the round circle in the Teichmuller
sense,M is indeed almost Fuchsian, and hence the uniqueness of the mini-
mal surface follows. Seppi’s result is very interesing as it also implies that
almost Fuchsian manifolds contain an open neighborhood of the Fuchsian
diagonal in the space of complete hyperbolic structures onM .
5.3. H-Laminations ofH3 and Quasi-Fuchsian Manifolds.
Notice that Corollary 3.5 shows that for anyC0 Jordan curve Γ in S2∞(H
3),
we get two families of embeddedH-planes {P±H} with ∂∞P
±
H = Γ. In par-
ticular, let Φ+Γ = {P
+
H | H ∈ (−1, 1)} and Φ
−
Γ = {P
−
H | H ∈ (−1, 1)}.
Consider Φ+Γ . By Corollary 3.5, Φ
+
Γ is a pairwise disjoint family of em-
bedded planes in H3 with ∂∞P
+
H = Γ for any H ∈ (1, 1). Notice that Φ
+
Γ
may not be a closed subset of H3. Let Φ+Γ be its closure in H
3. By using
the techniques in [C6, Theorem 3.3], it can be showed that Φ+Γ − Φ
+
Γ is a
collection of embedded H-planes P̂+H for some H ∈ (−1, 1). In particular,
P̂+Ho is the limit of Hn-planes where Hn ր Ho. Furthermore, Φ
+
Γ is still a
pairwise disjoint family of H-planes, where for some H ∈ (−1, 1), there
are two H-planes P+H and P̂
+
H . Hence, Φ
+
Γ is a natural lamination of H
3 by
H-planes. Similarly, Φ−Γ induces anotherH-lamination ofH
3.
On the other hand, we can apply this idea to the limit sets of quasi-
Fuchsian manifolds. Let M ≃ Σ × R be a quasi-Fuchsian hyperbolic 3-
manifold, and let Λ be its limit set in S2∞(H
3). Then, let Φ+Λ be the family
of H-planes as before, and let Φ+Λ be its closure. By construction, Φ
+
Λ is
also π1-invariant family of H-planes, and if we define Σ
+
H = Π(P
+
H) where
Π : H3 → M is the covering projection, then we obtain an H-lamination
{ΣH | H ∈ (−1, 1)} of M , where for some H ∈ (−1, 1), there are two
H-surfaces Σ+H and Σ̂
+
H as defined before. Again, Φ
−
Λ induces another H-
lamination ofM by H-surfaces.
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5.4. H-Foliations of Almost Fuchsian Manifolds.
Finally, we want to mention that almost Fuchsian manifolds give a very
special family of nowhere smooth Jordan curves in S2∞(H
3) in terms of
the results in this paper. By [Wa, Uh, HW1], if Λ is the limit set of an al-
most Fuchsian manifold, then Λ induces a foliation {PH | H ∈ (−1, 1)}
in H3 where PH is a minimizing H-plane in H3 with ∂∞PH = Λ. Fur-
thermore, because of the maximum principle, the foliation automatically
implies that PH is the unique minimizingH-plane with ∂∞PH = Λ for any
H ∈ (−1, 1). In particular, the limit sets of almost Fuchsian manifolds are
very special examples of nowhere smooth Jordan curves in S2∞(H
3) bound-
ing uniqueH-plane PH inH3 for anyH ∈ (−1, 1).
In particular, if we consider this notion in the terms of the previous sec-
tion, for almost Fuchsian manifolds, Φ+Λ = Φ
−
Λ as P
+
H = P
−
H for any
H ∈ (−1, 1) by uniqueness. Furthermore, the H-lamination Φ+Λ is indeed
an H-foliation of H3 by H-planes, and the family {ΣH | H ∈ (−1, 1)}
gives a foliation ofM by H-surfaces.
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